Abstract. In this paper, using p-adic integration with values in spaces of modular forms, we construct the p-adic analogue of Weil's elliptic functions according to Eisenstein in the book "Elliptic functions according to Eisenstein and and Kronecker". This construction extends Serre's padic family of Eisenstein series in "Formes modulaires et fonctions zêta p-adiques". We show that the power series expansion of Weil's elliptic functions also exists in the p-adic case.
Introduction
Throughout this paper, we use the following notations.
C − the field of complex numbers. p − an odd rational prime number. Z p − the ring of p-adic integers. Q p − the field of fractions of Z p .
C p − the completion of a fixed algebraic closure Q p of Q.
v p − the p-adic valuation of C p normalized so that |p| p = p −vp(p) = p −1 .
Suppose W is a lattice in the complex plane, ω 1 and ω 2 are two generators of W , so that W consists of the points w = m 1 ω 1 + m 2 ω 2 , where m 1 and m 2 are integers. In his historical book "Elliptic functions according to Eisenstein and Kronecker" [12] , generalizing the Hurwitz zeta functions [12, p. 6] , A. Weil [12, p. 14] introduced the following elliptic function according to Eisenstein:
which is also a generalization of the homogeneous Eisenstein series defined by As for Hurwitz zeta functions (see [12, p. 7] ), according to Weil [12, p. 20 ], E k (x, W ) has the following power series expansion
where
and σ 2m−1 (N) = d|N d 2m−1 . Now we go to the p-adic situation. In the p-adic world, the counterpart of Eisenstein series (1.2) was defined by Serre. In [6] , he defined p-adic modular forms as a p-adic q-expansion which is a uniform limit of q-expansions of classical modular forms, he also gave an important example of p-adic modular forms, that is, the p-adic family of Eisenstein series which is parameterized by the weight space X = Z p × Z/(p − 1)Z.
In the p-adic world, the counterpart of Hurwitz zeta functions (1.4) was first defined by Washington on Q p \ Z p in his book [11] , so called p-adic Washington functions. Recently, using the p-adic Volkenborn integral [9, 10] [8] definitions of p-adic Hurwitz zeta functions on C p , we shall construct the counterpart of Weil's elliptic functions (1.1) in the p-adic world. As in the complex case, this construction generalizes the definition of the p-adic Eisenstein series. In other words, this construction also extends the parameter space of p-adic family of Eisenstein series.
The following parts of this paper are organized as follows.
In Section 2, we will explain our main idea on construction of the padic analogue of Weil's elliptic function (1.1). For k = (s, u) ∈ X = Z p × Z/(p − 1)Z and u is even, let G * (s, u) = a 0 (s, u) + ∞ n=1 a n (s, u)q n be the p-adic family of Eisenstein serie. We shall extend the definition of G * (s, u) by extending the coefficients a n (s, u) (n ≥ 0). In Sections 3 and 4, we will extend the definitions of a 0 (s, u) and a n (s, u)(n ≥ 1), respectively. In Section 5, we show that the power series expansion of Weil's elliptic functions (1.5) also exists in the p-adic case. (See Theorem 5.4 below).
Main idea
In this section, we shall explain our main idea on construction of the padic analogue of Weil's elliptic function (1.1). Before this, we shall introduce some basic notations of p-adic modular formà la Serre [6] .
First, we recall the definition of classical Eisenstein series. Let k be an even integer and τ a complex number with strictly positive imaginary part. Define the Eisenstein series G k (τ ) of weight k, by the following series:
This series absolutely converges to a holomorphic function of τ in the upper half-plane and its Fourier expansion given below shows that it extends to a holomorphic function at τ = i∞. If k ≥ 4 and
is therefore a modular form of weight k. Let q = e 2πiτ . Then the Fourier series of the Eisenstein series is
Here, B k is the kth Bernoulli number and σ k−1 (n) = d|n d k−1 . Now we pass to the p-adic limit. Define, for k ∈ X = Z p × Z/(p − 1)Z and n ≥ 1:
exists a sequence of even integers
n has a limit:
* is thus defined on the odd elements of X \ {1}. We have the following result on ζ * .
where L p (s, χ) is the p-adic L-function of a character χ, and ω is the Teichmuller character.
For k = (s, u) ∈ X and u is even, the coefficients of
gave a p-adic family of modular form parametrized by the group of weights. Let's take a look at a 0 (G * s,u ).
We consider to extend the parameter space of a 0 (s, u) = a 0 (G * s,u ) to the general case.
Let χ be a Dirichlet character modulo p v for some v. We can extend the definition of χ to Z p as in [1, p. 281] , that is, if a n ∈ Z and a n is a sequence tending to a p-adically, we have v p (a n − a m ) ≥ v for n and m sufficiently large, so χ(a n ) is an ultimately constant sequence, and we set χ(a) = χ(a n ) for v p (a − a n ) ≥ v. χ is called a Dirichlet character on Z p and χ is even if χ(−1) = 1. In particular, ω u are such characters. ω u is even if and only if u is even.
Let
, the p-adic L-function can be defined on B 1 ×B 2 , thus we may extend the parameter of a 0 (s, u) to B 1 × B 2 by setting
is the p-adic Hurwitz zeta function defined as in Chapter 11 of [1] . By [1, Proposition 11.2.20 (3)], we have L p (s, χ) = ζ p (s, χ, 0). Let B 3 = Z p . Thus we may go on extending the definition of p-adic functions a 0 (s, χ) to three variables by setting
The p-adic Hurwitz zeta functions can also be defined for any x ∈ C p \Z p as in [8] (also see Section 2 below). Let C 1 = C p and C 2 = C p \ Z p . Thus we may also extend the parameter space of p-adic functions a 0 (s, u) to
In conclusion, we have extended the parameter space of a 0 (s, u) by the following graph:
Now let's take a look at a n (s, u) = a n (G * s,u ) for n ≥ 1. Let U be any open subset of Z p . The p-adic δ-measure is defined as follows:
Following Panchishkin [4, p. 2361], we have the following p-adic integration representation of a n (s, u).
(also see Katz's discussions on this measure [2, p. 496]). Thus by using this p-adic integration representation, we can also extend the parameter space of a n (s, u) as Graph (2.5). For details, we shall discuss in Section 3.
Notice that for (s, u)
Thus we may also extend the parameter space of G n (s, u) as Graph (2.5) by extending the Fourier coefficients a n (s, u) (n ≥ 1). From the above discussions, our methods for extending a n (s, u)(n ≥ 0) are based on Cohen [1, Chapter 11] and Tangedal-Young's [8] 
Let UD(Z p ) be the space of uniformly (or strictly) differentiable function on Z p . Then the Volkenborn integral of f is defined by
and this limits always exists when f ∈ UD(Z p ) (see [5, p. 264 ])
The projection function x may be extended to all x ∈ C × p , as was done by Kashio [3] and by Tangedal-Young in [8] .
Fixing an embedding ofQ into C p . p Q denotes the image in C × p of the set of positive real rational powers of p under this embedding, µ denotes the group of roots of unity in C × p of order not divisible by p. For x ∈ C p , |x| p = 1, there exists a unique elementsx ∈ µ such that |x −x| p < 1 (called the Teichmüller representative of x); it may be defined byx = lim n→∞ x p n! . We extend this definition to x ∈ C × p by (3.2)x := ( x/p vp(x) ), that is, we definex =û if x = p r u with p r ∈ p Q and |u| p = 1, then we define the function · on C
and we also define
From this we get an internal product decomposition of multiplicative groups
As remarked by Tangedal and Young in [8] , this decomposition of C × p depends on the choice of embedding ofQ into C p ; the projections p vp(x) ,x, x are uniquely determined up to roots of unity. However for x ∈ Q × p the projections p vp(x) ,x, x are uniquely determined and do not depend on the choice of the embedding. Notice that the projections x → p vp(x) and x →x are constant on discs of the form {x ∈ C p : |x − y| p < |y| p } and therefore have derivative zero whereas the projections x → x has derivative
n when this sum is convergence.
Definition 3.1 (see Tangedal and Young [8] ). For x ∈ C p \Z p , we define the p-adic Hurwitz zeta function ζ p (s, x) by the following formula 
s is an analytic function of x on any disc of the form {x ∈ C p : |x − y| p < |y| p }.
Using the above result, Tangedal and Young proved the following analytic properties for ζ p (s, x). 
Theorem 3.4 (see Tangedal and Young [8]). For any choice of
from the above theorem we have the following properties for a 0 (s, x).
, and is an analytic function of s on a disc of positive radius about s = 1; on this disc it is locally analytic as a function of x and independent of the choice made to define the · function. If x is so chosen to lie in a finite extension K of Q p whose ramification index over Q p is less than p −1 then a 0 (s, x) is analytic for |s| p < |π|
and s = 1, we define
and we will simply write ζ p (s, x) instead of ζ p (s, χ 0 , x), where χ 0 is a trivial character modulo p v .
By using the result on change of variable for the Volkenborn integral, Cohen proved the above definition makes sense. 
and a 0 (s, χ, x) is well-defined by the above result.
The following result indicates that the above definition is indeed an extension of the original definition set by Serre. 
4. a n (s, u)
Throughout this section, we assume that n ≥ 1. In this section, following the strategy of Section 2, we shall extend the parameter spaces of a n (s, u) by using its integral representation (2.7).
Definition 4.1. For x ∈ C p \Z p , we define the a n (s, x) by the following formula a n (s, x) = Zp ω v (x + a) x + a s dµ n (a).
By Proposition 3.3, we have the following result. Theorem 4.2. For any choice of x ∈ C p \Z p the function a n (s, x) is a C ∞ function of s on Z p , and is an analytic function of s on a disc of positive radius about s = 0; on this disc it is locally analytic as a function of x and independent of the choice made to define the · function. If x is so chosen to lie in a finite extension K of Q p whose ramification index over Q p is less than p − 1 then a n (s, x) is analytic for |s| p < |π|
. If s ∈ Z p , the function a n (s, x) is locally analytic as a function of x on C p \Z p . Proposition 4.3. For any area of (s, x) ∈ C 1 × C 2 indicated in the above Theorem which a n (s, x) is continues, we have
Proof. Let d be a positive integer such that d | n and (d, p) = 1. Since for any area indicated in the above Theorem which a n (s, x) is continues, the functions ω v (x) and x s are also continues. Thus for any ǫ > 0, there exists a neighborhood
and
By Definition 4.1, we have our result. 
Power series expansions
Now we show that the power series expansion of Weil's elliptic functions (1.5) also exists in the p-adic case.
First we recall a result on the expansion of p-adic Hurwitz zeta functions by Tangedal and Young [8] which leads to an expansion of the constant term a 0 (s, x) for x ∈ C * p and |x| p > 1. Theorem 5.1. Suppose x ∈ C * p and |x| p > 1. Then there is an identity of analytic functions:
on a disc of positive radius about s = 1. If in addition x is chosen to lie in a finite extension K of Q p whose ramification index over Q p is less than p−1, then this formula is valid for s ∈ C p \{0} such that |s| ≤ |π| 
